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Abstract. In this paper we extend some general decay results, known for the case of
finite history for a quasilinaer viscoelastic problem, to the case of infinite history where
the relaxation function satisfies g'(t) < —£(¢)gP(t), ¢t > 0, 1 < p < 2. Moreover, we
delete some assumptions on the boundedness of initial data used in many earlier papers
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1 Introduction

Problems related to viscoelasticity have attracted a great deal of attention
and several papers of existence and long-time behavior have been published.
Cavalcanti [5] discussed the following problem

[ue|Pue — Au — Augy + fotg(t — s)Au(s)ds —yAu; =0, in Q x RT,
u =0, on I'x Rt,
u(z,0) = up(x), wi(z,0) =uq(z), in Q x RY,

1)
where €2 is a bounded domain in R", n > 1, with a smooth boundary I, p is
a positive real number such that 0 < p < nEQ ifn>3and p>0ifn=1,2,
and g is a positive exponentially decaying function. They proved a global
existence result for v > 0 and an exponential decay result for the case v > 0.
Messaoudi and Tatar [28] 27] considered , for v = 0, and showed that
the solution energy decays exponentially (resp. polynomially) if g decays
exponentially (resp. polynomially). Later, Han and Wang [I4] considered
for v = 0 and with a relaxation function of more general decay type, and
established, similarly to the work of Messaoudi [20], a general decay result,




382 M.M. Al-Gharablil and A.M. Al-Mahdi

from which the usual exponential and polynomial decay are only special cases.
Messaoudi and Mustafa [26] considered (|1)) for relaxation functions satisfying
a relation of the form

g'(t) < —H(g(t)), (2)

where H is a convex function satisfying some smoothness conditions. They
established a general relation between the decay rate for the energy and
that of the relaxation function g without imposing restrictive assumptions
on the behavior of ¢ at infinity. Messaoudi and Al-Gharabli [22] studied
in the presence of infinite memory and with a relaxation function satisfying
g'(t) < —£(t)g(t). They established a general decay result depending on
the relaxation function g. In [7], Cavalcanti et al. considered with a
relaxation function satisfying and the additional requirement:

lim inf 2?H"(x) —2aH (z) + H(z) >0,
z—0t
and that y'=* € L'(1, 00), for some ag € [0, 1), where y(t) is the solution of
the problem

y'(t) + H(y(t)) =0, y(0) = g(0) > 0.

They characterized the decay of the energy by the solution of a corresponding
ODE as in [I6]. Recently, Messaoudi and Al-Khulaifi [25] treated with
a relaxation function satisfying (below). They obtained a more general
stability result for which the results of |21 [20] are only special cases. More-
over, the optimal decay rate for the polynomial case is achieved without any
extra work and conditions as in [15] and [16]. For more results related to
problem , we refer the reader to Liu [I7] [I§].

For infinite history problems, Giorgi et al. [9] considered the following semi-
linear hyperbolic equation, in a bounded domain  C R3,

+oo
ugy — K(0)Au — K'(s)Au(t — s)ds + g(u) = f
0
with K(0), K(o0) > 0 and K’ < 0 and gave the existence of global attractors
for the solutions. Conti and Pata [§] considered the following semilinear
hyperbolic equation with linear memory in a bounded domain 2 C R" |

+oo
uy + auy — K(0)Au — K'(s)Au(t — s)ds + g(u) = f in Q x RT (3)
0

where the memory kernel is a convex decreasing smooth function such that
K(0) > K(o0) > 0 and g : R — R is a nonlinear function of at most cubic
growth satisfying some conditions. They proved the existence of a regular
global attractor. In [3], Appleby et al. studied the linear integro-differential
equation

t
uge + Au(t) + / K(t—s)Au(s)ds =0, t>0
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and established results of exponential decay of strong solutions in a Hilbert
space. Pata [30] discussed the decay properties of the semigroup generated
by the following equation

“+oo
ug + aAu(t) + Bug(t) — /o p(s)Au(t — s)ds =0

where A is a strictly positive self-adjoint linear operator and o > 0, 8 > 0
and the memory kernel p is a decreasing function satisfying specific condi-
tions. He established the necessary as well as the sufficient conditions for the
exponential stability. In [10], Guesmia considered

+oo
gy + Au — / g(s)Bu(t — s)ds =0
0

and introduced a new ingenuous approach for proving a more general decay
result based on the properties of convex functions and the use of the gen-
eralized Young inequality. He used a larger class of infinite history kernels
satisfies the following condition

T g(s) . g(s) -
té g™ T IR i) T @)
such that
G(0) = G'(0) =0 and | lm_G'(t) = +o0, (5)

where G : RT — RT is an increasing strictly convex function. Using this
approach, Guesmia and Messaoudi [I3] later looked into

t +oo
utt—Au—i—/O 91(t—s)div(al(x)Vu(s))ds—i—/O g2(8)div(az(x)Vu(t—s))ds =0

in a bounded domain and under suitable conditions on a1, as and for a wide
class of relaxation functions g; and go which are not necessarily decaying
polynomially or exponentially. They established a general decay result from
which the usual exponential and polynomial decay rates are only special
cases. Al-Mahdi and Al-Gharabli [2] considered the following viscoelastic
problem

ug — Au + f0+oo g(s)Au(t — s)ds + |ug|™ 2wy = 0, in Q x (0,400)

u(z,t) =0, on 9N x (0,+00)

u(z, —t) = ug(z,t), ue(x,0) = uy(z), in Q x (0, +00),
(6)

and they established decay results in which the relaxation function h satisfies

J(0) < —E0gPW), V=0, 1<p<, 7)



384 M.M. Al-Gharablil and A.M. Al-Mahdi

and they obtained a better decay rate than the one of [I0] and [I2]. Mustafa
[29] conside the following coupled quasilinear system

¢

[ue|? uge — Au — Augy + / g1(8)Au(t — s)ds + f1(u,v) =0
0

vel” v — Av = Avy + [ g2(s)Av(t — s)ds + fo(u,v) =0

(®)

and established more general decay rate results where the relaxation functions
satisfy ¢;(t) < —H(gi(t)), ¢ = 1,2. He provided more general decay rates for
which the usual exponential and polynomial rates are only special cases. For
more results with infinite history, we refer the reader to [22] 241 23] [T, [, 191 6] .
In this paper, our aim is to investigate the following problem

[ue|Puey — Au — Augy + f0+°° g(s)Au(t — s)ds =0, in Q x R,
u =0, on I' x RT,
u(z, —t) = ug, ue(z,0) =uy(z), in Q x R,

(9)
for a relaxation function satisfying (below) and obtain a general stability
result for a wide class of kernels, among which those of the exponential decay
type, are only special cases. Equation (@ is a nonlinear wave equation with
the presence of a viscoelastic damping with infinite memory supplemented
by a history function ug and initial data w;. Here, € is a bounded domain
of RN(N > 1) with a smooth boundary I, u is the transverse displacement
of waves, the relaxation function g is positive and decreasing, the exponent
p is a positive real number satisfying some conditions to be specified later.
In the present work, we study the asymptotic behavior of solutions of @,
under the assumption (11 (below) instead of (4)) considered in Guesmia [10]
and Messaoudi and Al-Gharabli [22] and instead of considered in Al-
Mahdi and Al-Gharabli [2]. Moreover, our technique is different than the one
in [29] and we deleted some assumptions on the boundedness of initial data
used in many earlier papers in the literature. In fact, our results generalize,
extend and improve many earlier results in the literature.

This paper is organized as follows. In section 2, we present some notations
and material needed for our work. Some technical lemmas and the decay
results are presented in section 3 and section 4, respectively.

2 Assumptions

In this section, we present some material needed for the proof of our result.
We use the standard Lebesgue space L?(Q2) and the Sobolev space Hg(£2)
with their usual scalar products and norms. For the relaxation function g,
we assume the following

(A1) g:R* — R* is a C! decreasing function satisfying

+oo
g(0) >0, 1— /0 g(s)ds =1¢>0. (10)



A Nonlinear Viscoelastic Problem With Infinite Memory 385

(A2) There exists a nonincreasing differentiable function ¢ : Rt — RT such
that

g'(t) < =£(t)gP(t), Y1<p<2, teR". (11)

(A3) For the nonlinearity, we assume that

2
0<p§N , N>3 and p>0, N=1, 2. (12)

The energy associated with problem @D is

1
p+2/ g 2d + /|Vu| do + /|wt| do + (goVu)()

(13)
where
+oo )
(9oVu)t) = [ 9o Vult - 5) - Tu(t) s
0
Direct differentiation, using @D, gives
1
E'(t) = i(g’OVu)(t) <0. (14)

For completeness we state, without proof, the existence result which can be
established exactly repeating the proof of [5].

Proposition 1 Let (ug(.,0),u1) € HZ(2) x H(Q) be given. Assume that
(A1)—(A4) are satisfied; then problem (9) has a unique global (weak) solution

u € CHRT; Hy(Q)).

3 Technical Lemmas

In this section, we state and establish several lemmas needed for the proof
of our main result.

Lemma 2 There exists a positive constant My such that
“+oo
[ 9lITu(t) = Vatt - 9)fds < k(o) (15)
t

where ho(t) = [7°° g(t + 5) (1 + || Vuo(s)||?) ds
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Proof. The proof is identical to the one in [I1]. Indeed, we have
+oo )
[ olIvut) - Vult - 9)|as
t

+oo +oo
< 2||Vu(t)| / o(s)ds +2 / o(3)[IVult — 5)|ds
t t
+o00 +oo
§28up||Vu(s)H2/ g(t+s)ds+2/ ot + )| Vu(—s)|[2ds
s>0 0 0

(16)
s) [T o
<220 / 9(t+8)ds+2/0 9(t + )| Vuo(s)|[*ds

AE(0) [T e
<HEO [ g sys w2 [ gle+ o) 9uals) s
0 0

+oo
<M, / gt +5) (1+ [ Vug(s)][2) ds.

where M; = max {2, 4E£(0) }

4 Decay of solution

In this section we state and prove the main result of our work.

Lemma 3 [22] Assume that (A1) — (A3) hold. Then there exist constants
e, ay,an, M > 0 such that the functional

L=MF + X1 =+ X2
satisfies, for all t € R,

L~E. (17)
Moreover,
L'(t) < —a1 E(t) + az(goVu)(t), (18)
where )
= P Nud
x1(t) : p+1/9|ut| utuda:—&-/QVu Vurdz
and

)= [ (au- b f s ult) — ult — )dsd

Theorem 4 Let (ug(-,0),u1) € H(Q) x HE(Q) be given. Assume that
(A1) — (A3) hold. Then there exist strictly positive constants C,dg,01 such
that the solution of @ satisfies, for all t > t,

t —+o0
B(t) <& (1+ / (g<s>>”°ds) esoliso oy [ ggas, p=1,
0 t (19)
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and

E(t) < C(1+t)rrg w1(t) (1 +/ (1+ s)p%gfl(s)h(s)ds) ., 1<p<2,
0
(20)
where h(t) = €471(t) (ho)* T (t) and ho(t) is defined in Lemma 3.1.

Proof. The proof of is similar to the one in [22]. For the proof of (20)),
we introduce the following

t—to

= 2 t u — u\s 2 S o t s)as
10) = 72 [ 1900 = Vu)P s < - [ B(s .

<-4 /E(O)ds<+oo.
t—*%0J o

where q is small enough. We see that, for some positive constant c, and

lead to

L'(t) < —cE(t)+cl(t)-

N———

t)( P50 V) () + eMyho(t)

g [¢] Vu> (t) -+ CMlho(t)

»\.

3=

< —cE(t) +cl(t ( 0

< —cE@)+cI" v (fg ) () + cMiho(t)  (22)

< B+ —— (—g o Vu)? () + cMyho(t)

HOIE
< —cE(t) +

T —Elt %—FCMlhot.
o FE ) ®

Multiply both sides of by £€4T1EY where p = o + 1, we get

M OBXOL (1) <~ OB (1) + ¢ (€771 (1)) (€°E*) ()(~E) 7 (1)
+ eMyho(B)EXTHE) EX(t).
(23)

Since ;%7 > 0 and &(t) 0), ([23) becomes

ETIEX ()L (t) < —c€*TH () BT (1)

, (24)
+(EYE) (8)(—E") T (t) + eMiho ()€ (1) B (t).

Using Young’s inequality with v = a + 1 and v/ = O‘TH in the second and
third terms of , we get

ETHOE* ()L (1) < —c€*THOET () + e (T E*TY) (1) — e E'(t)

+C£a+1(t)EEa+1(ﬁ) +ce (ho(t))a+l. (25)
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Therefore, we have
T OB ()L (8) e B/ () < —(c—e—ce) 6T (#) BT (1) 4621 (1) (ho ()" .

Choosing & small enough, letting F' := ¢*T'EYL + ¢.E ~ E and h(t) =
£FL(t) (ho(t))*H", we have for a positive constants ¢; and co,

F'(t) < —c 2T 4 eoh(t). (27)
Multiply both sides of by &4, for 3 > 1, then we have
FF(t) < —cr &P (FH) + P (6)h(). (28)

Recalling that £ > 0 and &’ < 0, one can have

(E7F) () < —r&*THPR) T (t) + ot (), (29)
noting ¢ = ¢°F and taking 8 = <L, we obtain
(1) < —c1p™ (1) + 2t (D)A(1). (30)
Let
f(t) == @(t)—W(t); where W(t)=cyo(1+t)= / ¢2(s)h(s)(1+s)=ds. (31)
From the definition of ¥, we have
P (H)h(t) = W' (t) + 1+t* 1/ £(s)h(s)(1 + s)~ ds (32)

and for all ¢t > tg > 0,

vi= [ €P(s)h(s)(1+s) d5</55 s)(1+ s)=ds

0

and then
fo €8 (s)h(s)(1 + s) ds

14

>1, Vt>t.

Thus, yields, Vt > to,

a+1

e8P (t)h(t) < W' (t)+

ol [(1+t%a+1 U €A (s)h(s)(1 + s) = ds

acsv®
(33)
We can choose ¢z large enough so that — acgve < ¢1, and then we get

P (L) S W' (1) + 1T Vit > . (34)
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Now using (34)), and the definition of f in (3], we get, Vt > to,

F)=¢'(t) = W' (t) < —crp®tH(t) + 2P ()h(t) — V(1)
< —c [(f +2)* ()] + e8P (1)h(t) — T'(2).

Since f(0) > 0. Then there exists t; > 0 such that f(¢) > 0,Vt € [0,¢1).
Hence,

F1(8) < —er [fTH ) + TN D)] + e (Dh(E) — ¥'(1)
< —er | £ + W) - 2D + V) VEE lto,t).
1
(36)
Thus,

() < —er foTHE), VtEto,th). (37)

Integrate over (to,t), we have
fi) < —S—, Vitelto.t) (38)

(t —to)=

If t7 = 400, using again the definitions of f and ¥, we have, for ¢ large
enough,

-1

oty <C+t)= {1+/0 P (s)h(s)(1+ s)~ds]| . (39)

If t1 < +oo, then there exists to > t1 such that f(t) < 0,V t; <t < to.
Hence, yields ¢(t) < U(t),V t; < t < tq, consequently, we get . If
ta = +o00, we are done. Otherwise, there exists t3 > t2 such that f(t2) =0
and f(t) > 0,V to < t < t3, we then repeat the steps — on [to,t3)
to obtain . Therefore, remains valid for all ¢ > to. Multiply
by €77 and recall the definition of o, then for 3 = O‘T'H we have, for ¢ large
enough

F(t) <C(L+1t)= & (b) {1%— /O g“a“(s>h(s)(1+s)éds] (40)

Using the fact F' ~ E, and recalling that « = p — 1, we get

E(t) < C(L+t)rre 71 (1) (1+/0 (1+3)P11§Ppl(s)h(s)ds>. (41)

This establishes .
The following example illustrates our results:
Example: Let g(t) = Titna ¢ > 2, where a is chosen so that hypothesis

(A1) holds, then

q+1
, —aq a a q+1
e SEN—— = —bgP(t =——<2, 0
g'(t) A5yt <<1+t)q> 9" (t), p . <% b>0
(42)
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We will discuss two cases:
Case 1: if mg <1+ ||Vuo||?> < my. Then we have the following:

“+o0 p
1
)= () [ gt + 90+ Fua(o)] s ) < 1407070, = Lo
0 _
(43)
Routine calculations yield, for some positive constant C,
t _1 . _2p (1—q@)+52=+1
/ (14 s5)2-1&2-1(8)h(s)ds < C(1 + )PV V17", (44)
0
Therefore, the estimate yields
E(t) <C(1+t) awmm (45)

Case 2: if mo(1+1t)" < 1+ ||Vug|[? < m1(1+1¢)", where 0 < r < g — 1, then
we have

+oo
e (14¢)~(a=r=1) g/ g(t+3)(1+||Vuo(s)]|?)ds < ea(1+8)~@ =D (46)
0

Then

p

+oo
h(t) = (g(t)/ gt +s)(1+ |Vu0(s)||2)ds) <ep(1+t)7Plamm=D (47)
0
Therefore, the estimate , yields for any 0 < r < ¢q—1,

E(t) <C(1+t)z T (1 +(1+ t)—p(q—r—l))
=C(l+t) 7+C(1+ t)*(PQ*PT*pJFQ)
=C(1+1t)"7+C +t)~Gati=pr—p)
< (1+t)we,

(48)

5 Acknowledgements

The authors thank King Fahd University of Petroleum and Minerals (KFUPM)
for its continuous support and an anonymous referee for her /his careful read-
ing and valuables remarks. This work is funded by KFUPM under Project
#SB191037.

References

[1] AL-GHARABLI, M. M. A general decay result of a viscoelastic equation with infinite
history and nonlinear damping. Applicable Analysis 97, 3 (2018), 382-399.



2]

(3]

(4]

(5]

[6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

A Nonlinear Viscoelastic Problem With Infinite Memory 391

AL-MaHDI, A. M., AND AL-GHARABLI, M. M. New general decay results in an infinite
memory viscoelastic problem with nonlinear damping. Boundary Value Problems
2019, 1 (2019), 140.

APPLEBY, J. A., FABRIzZIO, M., LAZZARI, B., AND REYNOLDS, D. W. On exponential
asymptotic stability in linear viscoelasticity. Mathematical Models and Methods in
Applied Sciences 16, 10 (2006), 1677-1694.

BOUKHATEM, Y., AND BENABDERRAHMANE, B. Asymptotic behavior for a past history
viscoelastic problem with acoustic boundary conditions. Applicable Analysis (2018),
1-21.

CAVALCANTI, M., DOMINGOS CAVALCANTI, V., AND FERREIRA, J. Existence and uni-
form decay for a non-linear viscoelastic equation with strong damping. Mathematical
methods in the applied sciences 24, 14 (2001), 1043-1053.

CAVALCANTI, M., GUESMIA, A., ET AL. General decay rates of solutions to a nonlinear
wave equation with boundary condition of memory type. Differential and Integral
equations 18, 5 (2005), 583-600.

CAVALCANTI, M. M., CAVALCANTI, V. N. D., LASIECKA, I., AND WEBLER, C. M.
Intrinsic decay rates for the energy of a nonlinear viscoelastic equation modeling the
vibrations of thin rods with variable density. Advances in Nonlinear Analysis 6, 2
(2017), 121-145.

CoNTI, M., AND PATA, V. Weakly dissipative semilinear equations of viscoelasticity.
Communications on Pure and Applied Analysis 4, 4 (2005), 705.

GIORCI, C., RIVERA, J. E. M., AND PATA, V. Global attractors for a semilinear hyper-
bolic equation in viscoelasticity. Journal of Mathematical Analysis and Applications
260, 1 (2001), 83-99.

GUESMIA, A. Asymptotic stability of abstract dissipative systems with infinite mem-
ory. Journal of Mathematical Analysis and Applications 382, 2 (2011), 748-760.

GUESMIA, A. New general decay rates of solutions for two viscoelastic wave equa-
tions with infinite memory. (in press), Mathematical Modelling and Analysis journal
(2019).

GUESMIA, A., AND MESSAOUDI, S. A new approach to the stability of an abstract
system in the presence of infinite history. Journal of Mathematical Analysis and
Applications 416, 1 (2014), 212-228.

GUESMIA, A., AND MESSAOUDI, S. A. A general decay result for a viscoelastic equation
in the presence of past and finite history memories. Nonlinear Analysis: Real World
Applications 18, 1 (2012), 476-485.

HaN, X., AND WANG, M. General decay of energy for a viscoelastic equation with
nonlinear damping. Mathematical Methods in the Applied Sciences 32, 3 (2009),
346-358.

LaAsiECckA, 1., MESSAOUDI, S. A., AND MUSTAFA, M. I. Note on intrinsic decay rates
for abstract wave equations with memory. Journal of Mathematical Physics 54, 3
(2013), 031504.

LASIECKA, I., TATARU, D., ET AL. Uniform boundary stabilization of semilinear wave
equations with nonlinear boundary damping. Differential Integral Equations 6, 3
(1993), 507-533.

Liu, W. General decay rate estimate for a viscoelastic equation with weakly nonlinear
time-dependent dissipation and source terms. Journal of Mathematical Physics 50,
11 (2009), 113506.

Liu, W. General decay and blow-up of solution for a quasilinear viscoelastic problem
with nonlinear source. Nonlinear Analysis: Theory, Methods € Applications 73, 6
(2010), 1890-1904.



392 M.M. Al-Gharablil and A.M. Al-Mahdi

[19] Liu, W., WANG, D., AND CHEN, D. General decay of solution for a transmission
problem in infinite memory-type thermoelasticity with second sound. Journal of
Thermal Stresses 41, 6 (2018), 758-775.

[20] MEssaouDp1, S. A. General decay of solutions of a viscoelastic equation. Journal of
Mathematical Analysis and Applications 341, 2 (2008), 1457-1467.

[21] MEssaoupl, S. A. General decay of the solution energy in a viscoelastic equation
with a nonlinear source. Nonlinear Analysis: Theory, Methods & Applications 69, 8
(2008), 2589-2598.

[22] MEssaouDbl, S. A., AND AL-GHARABLI, M. M. A general stability result for a nonlinear
wave equation with infinite memory. Applied Mathematics Letters 26, 11 (2013),
1082-1086.

[23] MEssaouDpI, S. A., AND AL-GHARABLI, M. M. A general decay result of a nonlinear
system of wave equations with infinite memories. Applied Mathematics and Compu-
tation 259 (2015), 540-551.

[24] MEssaouDl, S. A., AND AL-GHARABLI, M. M. A general decay result of a viscoelas-
tic equation with past history and boundary feedback. Zeitschrift fiir angewandte
Mathematik und Physik 66, 4 (2015), 1519-1528.

[25] MEssaouD1, S. A., AND AL-KHULAIFI, W. General and optimal decay for a quasilinear
viscoelastic equation. Applied Mathematics Letters 66 (2017), 16-22.

[26] MEssAaouDI, S. A., AND MUSTAFA, M. I. A general stability result for a quasilinear
wave equation with memory. Nonlinear Analysis: Real World Applications 14, 4
(2013), 1854-1864.

[27] MEssaoupl, S. A., AND TATAR, N.-E. Global existence and uniform stability of so-
lutions for a quasilinear viscoelastic problem. Mathematical methods in the applied
sciences 30, 6 (2007), 665—680.

[28] MEssAouDI, S. A., AND TATAR, N.-E. Exponential and polynomial decay for a quasi-
linear viscoelastic equation. Nonlinear Analysis: Theory, Methods € Applications
68, 4 (2008), 785—-793.

[29] MuSTAFA, M. I. Energy decay in a quasilinear system with finite and infinite memo-
ries. In Mathematical Methods in Engineering. Springer, 2019, pp. 235-256.

[30] PaTA, V. Stability and exponential stability in linear viscoelasticity. Milan journal
of mathematics 77, 1 (2009), 333.

Received March 2019; revised May 2020.

email: journal@monotone.uwaterloo.ca
http://monotone.uwaterloo.ca/~journal/



	Introduction
	Assumptions
	Technical Lemmas
	Decay of solution
	Acknowledgements

