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Abstract. A second-order non-linear differential equation for pressure/density is derived

for a weakly compressible fluid with density-dependent viscosity and slip, through a local

constriction. Solution curves are presented for scaled pressure/density curves, for scaled

pressure/density gradient, and for the scaled centerline velocity. The effect of the viscosity-

density parameter is explored for large vessels where compressibility and slip values are

relatively small, and for small vessels where compressibility and slip effects can be more

substantial. Results for solution curves for large vessels have physiological relevance to

blood flows, while small vessel results apply to particle-based numerical simulations with

applications to microchannel flows.
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1 Introduction

Understanding the properties of flows through a local constriction is physio-
logically relevant for blood flow applications [1, 2, 3, 4, 5, 6, 7, 8], as well as
for flows through microfluidic devices [9, 10, 11]. In the former application,
blood is typically modeled as an incompressible or weakly compressible vis-
cous fluid, with either small [12, 13, 14, 6, 15, 16, 17, 18] or — more commonly
— no slip at the wall [1, 2, 3, 4, 5, 7, 8]. Constrictions represent patho-
logical flow conditions connected to atherosclerotic plaques (flow through
stenosis), and studies of this type can help identify physiologically vulnera-
ble states (potential vessel rupture), as well as provide insight to treatment
options. Reynolds numbers are typically high for blood flow applications
compared to microfluid flow. In microfluidic devices, Reynolds numbers are
much smaller and the effect of compressibility and slip on flows through con-
strictions becomes an important aspect of study. Additionally, particle-based



234 K. Rohlf

methods used to simulate either flow application [19, 20, 16, 17, 21], have
built-in compressibility, and, in the case of multiparticle collision dynamics
(MPCD), which is a popular particle-based method, the viscosity depends
on density [22]. Other compressible flows with density/pressure-dependent
viscosity include microfluidic flows, flows for polymer and food processing,
pumping of crude oil and fuel oil, and some geophysical flows [23, 24, 25, 26].

Theoretical work on flow through a local constriction was pioneered in
the work of [5, 27], using the Karman-Pohlhausen method. The velocity pro-
file, as well as pressure curves, were derived for an incompressible Newtonian
fluid through a constricted cylinder subject to the no-slip assumption, and
compared to experimental results. All nonlinear terms involving the pressure
gradient, as well as second-order derivative pressure terms, were dropped. In
[28], a third-order polynomial expression was used for the velocity to derive
pressure and pressure gradient curves. Quadratic pressure gradient terms
were retained in the derivation. Incorporating compressibility and slip, [16]
derived velocity and pressure curves, again dropping non-linear pressure gra-
dient and second-order pressure derivative terms. Recently Rabba and Rohlf
[29] provided pressure and pressure gradient curves retaining all nonlinear
and second-order derivative terms, incorporating slip and compressibility. All
of these studies were for Newtonian fluids with constant viscosity, although
the Karman-Pohlhausen method has also been used to study a micropolar
fluid [30], a couple stress fluid [31], and a power law fluid [32].

In this paper, theoretical pressure, pressure gradient, and centerline ve-
locity curves are presented for force-driven, weakly compressible Newtonian
fluids with density-dependent viscosity, through mild constrictions subject to
small slip at the wall. A fourth-order polynomial expression is used for the
velocity, and all non-linear pressure gradient terms, as well as second-order
derivative terms, are retained in the analysis. Results for large Reynolds
number flows are presented, so as to connect the results to blood flow appli-
cations. Additionally, the resulting density/pressure and centerline velocity
curves are compared to numerical multi-particle collision dynamics flow so-
lutions so as to test the model for small Reynolds number flows, where the
viscosity-density relationship is known to satisfy the linear relationship used
in this analysis.

The paper is organized as follows: Section 2 provides the governing equa-
tions of motion that are approximated in Section 3 to derive the differen-
tial equation governing the density/pressure using the Karman-Pohlhausen
method. Section 4 provides some important upstream relationships and the
flow geometries necessary for solving the differential equation numerically.
The next section 5 presents numerical solution curves for both large ves-
sels (blood flow applications), and for smaller ones (multiparticle collision
dynamics flows and microchannels). Section 6 provides a discussion of the
results, including a phase-plane analysis for the first-order system that was
used to solve the non-linear second-order pressure/density ODE from Sec-
tion 3 numerically. The last Section 7 provides a summary and conclusions
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of the results.

2 Governing Equations

The governing equations of motion for a forced, steady, compressible Newto-
nian fluid with variable viscosity [33, 34] are

ρ (u · ∇)u = −∇P +∇ · τ + F (1)

τ = µ
(
∇u +∇uT

)
− 2

3
µ(∇ · u)I (2)

∇ · (ρu) = 0 (3)

where ρ is the density, P is the pressure, µ is the variable viscosity, u is
the velocity vector, F is the external force, τ is the shear stress tensor and
I is the identity tensor. Additionally, ∇ is the gradient operator for the
spatial coordinates x, y and z, and it is assumed that the coefficient of bulk
viscosity κ is negligible. Many fluids satisfy the Stokes assumption (negligible
bulk viscosity), including multi-particle collision dynamics flows [35].

The pressure-density and viscosity-density relationships, are taken to be
linear, namely

P = P0 +
kBT

m
(ρ− ρ0), (4)

µ = µ0

(
1 +A

ρ

ρ0

)
. (5)

Here kB is the Boltzmann constant, T is the constant system temperature,
m is the mass of a fluid particle, A is a viscosity-density parameter, and
P0, ρ0, and µ0 are the constant reference pressure, density, and viscosity,
respectively. Equation (4) represents an ideal gas equation of state, and (5)
has been shown to be valid for a range of densities ρ for multiparticle collision
(MPC) dynamics simulations (see Appendix C of [22]). Generalized linear
equations of state, including the ideal gas equation of state, are also needed
to model certain flows, including microfluidics and some geophysical flows
[22, 36].

Assuming the flow is axisymmetric with forcing in the axial z direction
(eg. F = (0, 0, ρg), g an acceleration constant), the equations can be written
in cylindrical coordinates with assumed velocity vector

u = (ur, uθ, uz) = (u(r, z), 0, w(r, z)), (6)

where r is the radial coordinate, together with ρ = ρ(r, z) and P = P (r, z).
In this case, the governing equations of motion become

∂

∂r
(ρu) +

∂

∂z
(ρw) +

ρu

r
= 0 (mass) (7)
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ρ

(
u
∂u

∂r
+ w

∂u

∂z

)
= −∂P

∂r
(r-momentum) (8)

+ µ

(
∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
− u

r2

)
+
µ

3

∂

∂r
(∇ · u)

+ 2
∂µ

∂r

∂u

∂r
− 2

3
(∇ · u)

∂µ

∂r
+
∂µ

∂z

(
∂w

∂r
+
∂u

∂z

)
ρ

(
u
∂w

∂r
+ w

∂w

∂z

)
= ρg − ∂P

∂z
(z-momentum) (9)

+ µ

(
∂2w

∂r2
+

1

r

∂w

∂r
+
∂2w

∂z2

)
+
µ

3

∂

∂z
(∇ · u)

+ 2
∂µ

∂z

∂w

∂z
− 2

3
(∇ · u)

∂µ

∂z
+
∂µ

∂r

(
∂w

∂r
+
∂u

∂z

)
P (r, z) = P0 +

kBT

m
(ρ(r, z)− ρ0) (equation of state) (10)

µ(r, z) = µ0

(
1 +A

ρ(r, z)

ρ0

)
(viscosity equation) (11)

where

∇ · u =
u

r
+
∂u

∂r
+
∂w

∂z
. (12)

With the forcing in the z direction only, the θ-momentum equation is iden-
tically satisfied.

3 Differential equation for pressure/density

The derivation of the pressure/density differential equation (DE) follows the
same steps and assumptions as outlined in [29]. As such, only the essential
steps are highlighted here.

Note that due to the equation of state (10), one can easily switch between
density and pressure in the resulting DE. Typically large vessel discussions
focus on pressure and pressure gradient curves, while flows described by
particle-based methods generally focus on densities.

3.1 Integrated z-momentum equation

First, the z-momentum equation is integrated using conservation of mass and
the slip boundary condition

u · t = ws, and u · n = 0, (13)

where t and n are the unit tangent and normal directions at a given point
on the constricted cylinder wall.

Considering mild constrictions described by a radius R = R(z), for which
P = P (z), it follows that ρ = ρ(z) from the equation of state, and hence
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µ = µ(z) from the viscosity-density relationship. The conservation of mass
equation then gives

∂u

∂r
+
u

r
= −1

ρ

∂

∂z
(ρw), (14)

which can be substituted in the z-momentum equation, the z-momentum
equation can then be integrated, and various applications of the Leibniz rule,
use of constant flow rate

Q = πρR2W = 2πρ

R∫
0

rw(r, z)dr, (15)

and other straight-forward simplifications (see [29]), lead to the integrated
z-momentum equation

1

2

d

dz

∫ R

0

rw2dr = −1

2

RR′w2
s

(1 +R′2)
− 1

ρ

dP

dz

R2

2

+
1

ρ
µ0

(
1 +A

ρ

ρ0

)[
R

(
∂w

∂r

)∣∣∣∣
r=R

+
4

3

d2

dz2

∫ R

0

rwdr

]

− 4

3

1

ρ
µ0

(
1 +A

ρ

ρ0

)[
RwsR

′′
√

1 +R′2
+

wsR
′2

√
1 +R′2

]
(16)

+
1

3ρ2
µ0

(
1 +A

ρ

ρ0

)[
ρ(RR′′ +R′2)√

1 +R′2
ws +

2RwsR
′

√
1 +R′2

m

kBT

dP

dz

]
− 1

3ρ2
µ0

(
1 +A

ρ

ρ0

)[
2RρwsR

′2R′′

(1 +R′2)3/2

]
+
gR2

2

+
8

3

µ0

ρ

(
1 +A

ρ

ρ0

)
RR′2R′′ws

(1 +R′2)3/2
− µ0

3ρ2

(
1 +A

ρ

ρ0

)
m

kBT

dP

dz

RwsR
′

√
1 +R′2

− 2

ρ

µ0A

ρ0

m

kBT

dP

dz

[
RwsR

′
√

1 +R′2
+

m

kBT

1

3ρ

dP

dz

∫ R

0

rwdr

]
.

Note that through the ideal gas equation of state, one can write all density
terms as pressure terms or vice versa.

In (16), except for the integral on the left-hand-side and for
(
∂w
∂r

)∣∣
r=R

,
all terms are either known flow parameters (µ0, A, ρ0, ws, kBT/m, flow rate
Q given in (15)), based on the known flow geometry (R, R′, R′′), or for the
unknown pressure or density (P or ρ) that is to be solved for.

The Karman-Pohlhausen method is used to approximate the unknown w
terms (the integral on the left-hand-side, and

(
∂w
∂r

)∣∣
r=R

) in terms of the pres-
sure gradient, after which point the differential equation for pressure/density
is obtained.
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3.2 Karman-Pohlhausen method

As per the pioneering work of [5], and subsequent studies including ([29,
16, 28]), the axial velocity w is taken to be a function of the scaled radial
coordinate η = R−r

R , whose value is zero at the wall, and one at the center
of the vessel. The specific form is taken to be

w(r, z)

W
= Aη +Bη2 + Cη3 +Dη4 + E, (17)

where

A =
1

7

(
−λ+ 10− 12E + T + 2

ws
W

)
(18)

B =
1

7

(
3λ+ 5− 6E − 3T +

ws
W

)
(19)

C =
1

7

(
−3λ− 12 + 20E + 3T − 8

ws
W

)
(20)

D =
1

7

(
λ+ 4− 9E − T + 5

ws
W

)
(21)

E =
ws

W
√

1 +R′2
. (22)

The expressions for A-E are found by imposing

(i) w =
ws√

1 +R′2
at r = R (slip boundary condition)

(ii)
∂w

∂r
= 0 at r = 0 (axisymmetric flow)

(iii) w = W at r = 0 (definition of centerline velocity),

(iv)
∂2w

∂r2
= −2(W − ws)

R2
at r = 0 (nearly parabolic flow with slip),

(v)
dP

dz
≈ ρg + µ

(
∂2w

∂r2
+

1

r

∂w

∂r

)
at r = R (from z-mom equation).

Here, ws is magnitude of the velocity vector at r = R (see (13), and

λ =
R2

µW

dP

dz
and T =

ρgR2

µW
. (23)

The centerline velocity W , which is as yet an unknown function of the axial
coordinate z, can be shown to satisfy

W =
2

97

R2

µ

dP

dz
+

210

97
W − 102

97

ws√
1 +R′2

− 2

97

ρgR2

µ
− 11

97
ws (24)

where W is the average velocity as per (15).
The axial velocity (17) is now used to evaluate the integral term on the

left hand side of (16), as well as the
(
∂w
∂r

)∣∣
r=R

term on the right hand side.
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The remaining integrals of rw are replaced with Q as per (15), and derivatives
simplified using constant flow rate.

The expression for d
dz

∫ R
0
rw2dr is very tedious, and MAPLE [37] was

used for the calculation. The explicit expression is given in Appendix C of
([29]) for constant viscosity. Since the viscosity here is a function of z, there
will be additional contributions from this term in the differential equation
here. These extra terms are labeled α1-α3 in the next section, and most
importantly, these terms give rise to cubic terms for the pressure gradient.
Also worth noting is that all other expressions/relationships from this section
are identical to [29], since all expressions in the derivation involve r, and µ
only depends on z.

3.3 Differential equation for pressure

Substituting Section 3.2 results in (16) leads to a second-order non-linear
ODE for the pressure gradient in the form

Ω1

(
R3

µW

d2P

dz2

)
+ α1

(
R2

µW

dP

dz

)3

+ (Ω2 + α2)

(
R2

µW

dP

dz

)2

+(Ω3 + α3)

(
R2

µW

dP

dz

)
+ Ω4 = 0, (25)

where all Ωi and αi coefficients are functions of ρ (and hence of P ) and also
of z, with additional linear dP

dz dependence in Ω1.
The Ωi coefficients here have two extra terms compared to the coefficients

in ([29]), namely the A-dependent terms in Ω2 and in Ω3. Furthermore, there
are additional α1-α3 terms that arise as a result of the density-dependence
in the viscosity µ, most notably introducing a cubic pressure gradient term.
Finally, since µ is a function of density/pressure rather than a constant value,
all Ωi and αi depend on A through the Reynolds number Re (see equation
(33)).

The explicit expressions for the Ωi are

Ω1 =
61

1580712
Re

R2

µW

dP

dz
+

2

3

Ma2

Re
− 899

395178

wsRe

W

1√
1 +R′2

− 95

790356

wsRe

W
+

631

263452
Re− 61

1580712

gR

W
2Re

2 (26)

Ω2 = −4

3

Ma4

Re2
+

61

526904
R′Re− 631

263452
Ma2 − 61

1580712

Rg

W
2Ma2Re

+
2

3
A
µ0

µ

ρ

ρ0

Ma4

Re2
(27)

Ω3 =
75

194
− 1

3

ws

W

R′Ma2

Re
√

1 +R′2
− 95

197589

wsR
′Re

W
− 1798

197589

wsR
′Re

W
√

1 +R′2
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+
899

395178

wsRR
′R′′Re

W (1 +R′2)
3/2

+
631

131726
R′Re− 61

263452

R′Re2gR

W
2 (28)

+
5125

790356

ws

W
Ma2 +

61

1580712

g2R2

W
4 Ma2Re2 +

95

790356

wsRgMa2Re

W
3

+
154937

790356

ws

W
√

1 +R′2
Ma2 +

899

395178

wsRgMa2Re

W
3√

1 +R′2
− 6610

9409
Ma2

+2A
R′√

1 +R′2
ws

W

µ0

µ

ρ

ρ0

Ma2

Re

Ω4 = − 75

194

gRRe

W
2 +

R′′Rws√
1 +R′2 W

+
R′2ws√

1 +R′2 W
+

300

97
+

12

97

ws

W

−312

97

ws

W

1√
1 +R′2

+
154937

790356

R′R′′wsRRe

(1 +R′2)
3/2

W
− 2R′′R′

2
wsR

(1 +R′2)
3/2

W

− 611627

1975890

R′w2
sRe

W
2
(1 +R′2)

− 188159

987945

RR′R′′w2
sRe

W
2
(1 +R′2)2

− 899

395178

gRws

W
3

RR′R′′Re2

(1 +R′2)3/2
+

61

526904

R′g2R2Re3

W
4 (29)

+
149

329315

R′R′′w2
sRRe(

1 +R′2
)
W

2 −
149

329315

RR′
3
R′′w2

sRe

W
2
(1 +R′2)2

− 23837

3951780

R′R′′w2
sRRe(

1 +R′2
)3/2

W
2
− 631

131726

R′gRRe2

W
2 − 6610

9409
R′Re

+
23837

1975890

R′w2
sRe√

1 +R′2 W
2 +

1798

197589

R′gRwsRe
2

√
1 +R′2 W

3

+
149

329315

R′
3
w2
sRe

(1 +R′2)W
2 +

95

197589

R′gRwsRe
2

W
3

The explicit expressions for the αi are

α1 = −1

2
A
µ0

µ

ρ

ρ0

61

790356
Ma2 (30)

α2 =
1

2
A
µ0

µ

ρ

ρ0

(
61

395178

gRMa2Re

W
2 +

899

197589

wsMa2

W
√

1 +R′2

− 631

131726
Ma2 +

95

395178

wsMa2

W

)
(31)

α3 =
1

2
A
µ0

µ

ρ

ρ0

(
− 899

197589

gRwsMa2Re

W
3√

1 +R′2
− 61

790356

g2R2Ma2Re2

W
4
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+
631

131726

gRMa2Re

W
2 − 95

395178

gRwsMa2Re

W
3

)
(32)

The generalized Reynolds (Re) and Mach (Ma) numbers in these expres-
sions are defined as

Re =
ρWR

µ
, Ma =

W√
kBT
m

, (33)

where again, the viscosity µ here depends on the pressure/density.

4 Parameter relationships and flow geometries

4.1 Upstream properties

The differential equation for the pressure in the previous section depends on
generalized, or rather z-dependent, dimensionless numbers. In order to solve
the differential equation, one has to rewrite everything in terms of constant
upstream variables whose values can then be specified. This can be achieved
by using the constant flow rate relationship (15), which essentially means

ρ0R
2
0W 0 = ρR2W. (34)

Noting that the upstream Reynolds number Re0 satisfies Re0 = Re|ρ=ρ0 =
ρ0W 0R0

µ0(1+A) , it follows that

Re =
R0

R

1 +A

1 +A ρ
ρ0

Re0 (35)

Ma =
ρ0R

2
0

ρR2
Ma0 (36)

ws

W
=

ρR2

ρ0R2
0

ws

W 0

(37)

Rg

W
2 =

(
ρ

ρ0

)2(
R

R0

)5
R0g

W
2

0

(38)

where Re0 and Ma0 are the constant upstream Reynolds and Mach num-
bers respectively, and W 0 is the average velocity upstream. Note that the
upstream viscosity is µ|ρ=ρ0 = µ0(1 +A) rather than µ0.

Additionally, solving (9) upstream where dP
dz = 0, ρ = ρ0 is constant,

u = 0, w = w(r),and µ = µ0(1 + A) is constant, the r-dependent axial
velocity is found to be

w(r) =
ρ0g

4µ0(1 +A)
(R2

0 − r2) + ws, (39)
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where w(r = R0) = ws is imposed together with w(r = 0) being finite.
Thus upstream, the centerline velocity is

W0 = w(r = 0) =
ρ0gR

2
0

4µ0(1 +A)
+ ws, (40)

while the average upstream velocity is

W 0 =

∫ R0

0
rw dr∫ R0

0
r dr

=
ρ0gR

2
0

8µ0(1 +A)
+ ws. (41)

Note that this is implies 2(W 0 − ws) = W0 − ws ⇒ W0 = 2W 0 − ws, as
consistent with (24) upstream.

Dividing (41) by W 0 gives

1 =
1

8

ρ0W 0R0

µ0(1 +A)

gR0

W
2

0

+
ws

W 0

⇒ 1 =
1

8
Re0

gR0

W
2

0

+
ws

W 0

(42)

⇒ Re0 =
8(1− w0

s)

g0
, (43)

where w0
s = ws

W 0
and g0 = gR0

W
2

0

are dimensionless wall slip and forcing terms

respectively scaled by (constant) upstream quantities.

4.2 Flow Geometries

In order to discuss the effects of compressibility and slip for physiologically
relevant flows, as well as for numerical results from particle-based simulations,
two different flow geometries will be discussed. The following axisymmetric
geometries described by R = R(z) will be considered:

(i) R(z) = R0(1− δe−lz
2

) (Gaussian geometry)

(ii) R(z) =


R0 z ≤ z1

az3 + bz2 + cz + d z1 ≤ z ≤ z1 + l1
ez3 + fz2 + gz + h z1 + l1 ≤ z ≤ z1 + l1 + l2
R0 z ≥ z3

(44)

(asymmetric polynomial geometry)

In both cases, δ controls the severity of the constriction, and l or l1 + l2 con-
trols the length of the constriction. The center of the symmetric constriction
in (i) is at z = 0, while (ii) is asymmetric with maximum constriction at
z1 + l1. Explicit expressions for a to h can be found in [16, 38, 29].

Flow geometry (i) is relevant for blood flow applications in large vessels
[28, 38, 29], while (ii) has been used in particle-based flow simulations [16,
38, 21].
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5 Results

The pressure differential equation from Section 3 is solved numerically.
The second-order non-linear differential equation for pressure, equation

(25), can be written as the first-order system for density (using the equation
of state)

dx

dz
= y (45)

dy

dz
= −α1a

3y3 + (Ω2 + α2)a2y2 + (Ω3 + α3)ay + Ω4

(Ω̃1 + 61
1580712Re ay)aR

where x = ρ, y = dρ
dz , a = R2

µW
, Ω̃1 is Ω1 without the dP

dz term, and z

is the axial coordinate of the cylinder. Using Matlab [39], this system is
solved numerically using the fourth-order Runge-Kutta method, and results
are presented for both large vessels (flow geometry (i) with large Reynolds
and small Mach numbers), and small vessels (flow geometry (ii) with small
Reynolds and large Mach numbers).

5.1 Large Vessels

Following [28, 38, 29], numerical solutions are obtained for the Gaussian flow
geometry (i) with fixed parameter values

ρ0 = 1050 kg/m3, µ0 = 0.0035 kg/ms, (46)

δ = 0.1, l = 2500 m−2, R0 = 0.01 m

Numerical solutions are presented to assess the affect of Reynolds number,
compressibility, slip and viscosity/density parameter. As such, values for
Re0, Ma0, ws0 and A are specified first.

In order for the first-order system (45) to have an equilibrium point at
(ρ0, 0), with upstream properties discussed in Section 4.1, g0, W 0 and kBT

m
are then determined from

g0 =
8

Re0
(1− ws0), W 0 =

Re0µ0(1 +A)

ρ0R0
,

kBT

m
=

W
2

0

Ma2
0

. (47)

The effect of varying A is considered in Figures 1 to 3, where deviations
from the A = 0 curves are also shown since deviations are small in all cases.
Figure 1 shows the scaled pressure curve for A = 0, and deviations from this
curve for different values for A. It can be seen that the pressure deviation
from the A = 0 curve is small and negative, and increases in magnitude down-
stream of the constrictions as A increases, indicating a pressure reduction for
larger values of A compared to the A = 0 curve. The pressure gradient
deviations (Figure 2) are also small, and likewise increase in magnitude for
larger values of A. The scaled centerline velocity deviation shown in Figure 3
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Figure 1: Scaled pressure for A = 0 (left) and deviation of scaled pressure
from the A = 0 pressure curve (right) (Re0 = 100, Ma0 = 0.1, ws0 = 0.05)

indicates slower centerline velocities for larger values of A in the converg-
ing portions of the constriction, faster centerline velocities in the diverging
portion, and smaller post-constriction centerline velocities than the A = 0
curves as A increases.

Although there are some changes in the nature of the solution curves as
the Reynolds number increases (see the Re0 = 700 curves in Figures 4 to 6 )
deviations are still so small that scaled pressure/pressure-gradient/centerline
velocity curves are indistinguishable from the A = 0 curves presented in [29].
Likewise, increasing the slip and compressibility (ws0 and Ma0 respectively)
for the range of values considered in [29] leads to small deviations in the
pressure, pressure-gradient and centerline velocity curves as A is increased
to 10 (not shown). It is also worth noting that the scaled pressure deviation
and the scaled pressure gradient deviation are an order of magnitude smaller
in the Re = 700 curves compared to the Re = 100 curves, but that the scaled
centerline velocity deviation is of the same order of magnitude in both cases.

5.2 Small vessels - multiparticle collision (MPC) flow

It was shown in [22], that multiparticle collision (MPC) flow can be inter-
preted as compressible flow with negligible bulk viscosity, and

µMPC ≈ µMPC
approx = µ0

(
1 +A

ρ

ρ0

)
, (48)

where

µ0 =
m

(∆x)3

[
kBT

2m
∆t

5

2− cosα− cos 2α
− (∆x)2

18∆t
(1− cosα)

]
, (49)
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Figure 2: Scaled pressure gradient for A = 0 (left) and deviation of scaled
pressure gradient from the A = 0 pressure gradient curve (right) (Re0 = 100,
Ma0 = 0.1, ws0 = 0.05)
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Figure 3: Scaled centerline velocity for A = 0 (left) and deviation of scaled
centerline velocity from the A = 0 centerline velocity curve (right) (Re0 =
100, Ma0 = 0.1, ws0 = 0.05)
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Figure 4: Scaled pressure for A = 0 (left) and deviation of scaled pressure
from the A = 0 pressure curve (right) (Re0 = 700, Ma0 = 0.1, ws0 = 0.05)
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Figure 5: Scaled pressure gradient for A = 0 (left) and scaled deviation of
pressure gradient from the A = 0 pressure gradient curve (right) (Re0 = 700,
Ma0 = 0.1, ws0 = 0.05)
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Figure 6: Scaled centerline velocity for A = 0 (left) and deviation of scaled
centerline velocity from the A = 0 curve (right) (Re0 = 700, Ma0 = 0.1,
ws0 = 0.05)

and

A = ρ0

kBT
2m ∆t

(
5

2−cosα−cos 2α − 1
)

+ (∆x)2

18∆t (1− cosα)

µ0
. (50)

Solution curves from (45) are compared to (dimensionless) simulation
results from [21] for force-driven MPC flow through a constricted geometry
given by (ii). In [21], a local thermostat is used to keep the system at constant
temperature, while previous MPC flows used global thermostats [16, 17], the
latter having recently been suggested to potentially lead to unphysical flow
interference. Simulations were done with ∆x = 1 = ∆y = ∆z, ∆t = 1,
kBT = 1, m = 1, R0 = 10.5 and α = ±π/2 (random rotation angle), so that
the µ0 and A values for the simulations correspond to

µ0 =
7

9
, A =

1

2
ρ0. (51)

Different values for g were used in the simulations, as well as different
severities of the constriction δ. Data from the simulation results was used to
determine values for W0, ws, and ρ0.

In order for (x, y) = (ρ0, 0) to be an equilibrium solution of (45), instead of
using the A value from (51), the A value was instead specified from equation
(41), namely

A =
g0ρ0W 0R0

8(1− ws0)µ0
− 1 (52)

In all of these equations, ρ0 is the upstream density obtained from numerical
simulations.
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g δ λ ρ0 ws W0 A (52) A (51)
0.005 0.5 0 19.9637 0 0.310190 10.4037 9.98185
0.005 0.5 0.5 19.7949 0.0325045 .351665 9.9895 9.89745
0.005 1 0 19.9233 0 0.309775 10.3959 9.96165
0.005 1 0.5 19.7548 0.0317225 0.351492 9.9464 9.8774
0.01 0.5 0 19.9509 0 0.620233 10.3991 9.97545
0.01 0.5 0.5 19.7862 0.0639938 0.703284 9.9680 9.8931

Table 1: MPC data used for analytical solution. W 0 is found from 0.5(W0 +
ws).

Parameter values used to determine the analytical solution through the
constricted portion are summarized in Table 1. For comparison, the value
for A from (51) is included in the Table, although the value for A from (52)
is used to obtain the analytical solutions.

Since MPC simulations lead to an increase in density upstream of the
constriction, which is not something the analytical model can capture, the
MPC density value at the start of the constriction at z = 600.5 is used as
the initial density for the second-order non-linear ODE, together with zero
initial derivative of the density. The ODE is solved through the constricted
portion (from z = 600.5 to z = 630.5) and thereafter. Results are shown in
Figures 7 to 12.

In the constrictions with the smallest Reynolds and Mach numbers (g =
0.005), there is fairly good agreement in the mildest (δ = 0.5, Figs. 7 and
8) and more severe (δ = 1, Figs. 9 and 10) constrictions considered, for
both slip (Fig. 8 and 10) and no-slip (Fig. 7 and 9) conditions. The scaled
centerline densities seem to be slightly overestimated by the theory in the
case of no slip (left graphs in Fig. 7 and 9), while underestimates are seen in
the slip cases (left graphs in Fig. 8 and 10). In all cases, the scaled centerline
velocity peak is overestimated by the theoretical curves, and settles to the
post-constriction equilibrium values much sooner than the MPC simulation
results. The post-constriction equilibria are well estimated by the theoretical
results, however they are slightly smaller compared to MPC results in the
case of slip (right graphs in Fig. 8 and 10).

Increasing the flow speed (g = 0.1), that subsequently also increases com-
pressibility/Mach numbers, leads to a larger discrepancy between the analyti-
cal and the numerical results (see Fig. 11 and 12), although better agreement
in density for the slip case (Fig. 12), compared to better agreement for cen-
terline velocity in the no-slip (Fig. 11) case.

Increasing flow speeds further to g = 0.2, agreement worsens (not shown),
and solutions diverge for large enough slip (not shown).
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Figure 7: Scaled centerline density (left) and scaled centerline velocity (right)
for MPC flow (no slip).
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Figure 8: Scaled centerline density (left) and scaled centerline velocity (right)
for MPC flow (slip).
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Figure 9: Scaled centerline density (left) and scaled centerline velocity (right)
for MPC flow (no slip).
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Figure 10: Scaled centerline density (left) and scaled centerline velocity
(right) for MPC flow (slip).
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Figure 11: Scaled centerline density (left) and scaled centerline velocity
(right) for MPC flow (no slip).
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Figure 12: Scaled centerline density (left) and scaled centerline velocity
(right) for MPC flow (slip).
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6 Discussion

In the large vessels considered, only very small changes are found for A ∈
[0, 10] for the scaled variables of interest. It is worth pointing out that the
Figures in this paper show scaled pressure gradient curves (Fig. 2 and 5),
while in the literature the dimensionful pressure gradient is typically pre-
sented (see [28, 29]). If the dimensionful pressure gradient was plotted here,
its value would change drastically as A increases since the pressure gradi-
ent scaling factor R0

ρ0W 2
0

= R0

ρ0(2W 0−ws)2
, and W 0 is proportional to (1 + A)

according to (47). So, if A = 10, this scaling factor gives a dimensionful
pressure gradient that is approximately two orders of magnitude larger than
its A = 0 counterpart for the same Re0.

In the small vessels considered, the analytical solution was compared to
multiparticle collision dynamics (MPC) simulation results. Agreement was
fairly good, however, far enough downstream of the constriction, the solution
eventually lead to either larger and larger values for ρ, or smaller and smaller
values (results not shown). This divergence of the solution can be explained
by looking at the phase-plane diagram. The non-linear system (45) can be
shown to have two equilibrium points

(ρ0, 0), and

(
− ρ0

A+ 1− ws0
, 0

)
.

For small enough slip, ws0 < 1, and thus only the first equilibrium point is a
physically meaningful equilibrium.

Using Maple [37], the derivative matrix evaluated at the physically mean-
ingful equilibrium point (ρ0, 0) is

M =

[
0 1

25200µ2
0Re

2
0(A2−Aws0+3A+2−ws0)

ρ20(5432Ma20+17Re20−17Re20ws0)R4
0

m

]

where

m =
−2Re0[1575(A+ 1) +Ma2

0(−2784A+ 747ws0A− 2852− 68w2
s0 + 883ws0)]

(5432Ma2
0A+ 17Re2

0A− 17Re2
0ws0A+ 5432Ma2

0 + 17Re2
0 − 17Re2

0ws0)R0

Since

detM = −25200µ2
0Re

2
0(A2 −Aws0 + 3A+ 2− ws0)

ρ2
0(5432Ma2

0 + 17Re2
0 − 17Re2

0ws0)R4
0

and ws0 < 1, it follows that detM < 0. Thus, (ρ0, 0) is a saddle point.
This is true for vessels of any size, although this divergence in the solution
was not observed in the large vessel solution curves from Section 5.1. To
further shed light on this apparent discrepancy, typical phase portraits for
large vessels (Fig. 13) and for MPC flows (Fig. 14) reveal a stable manifold
(dy/dz = 0 solid line) near (ρ0, 0) in large vessels (Fig. 13). At the end of the
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Figure 13: Phase Portraits for x = ρ, y = dρ
dz in large vessels for A = 0

(left) and A = 10 (right), together with the dy/dz = 0 curve (solid line). In
both cases, ws0 = 0.05, Re0 = 100, and Ma0 = 0.1, R0 = 0.01 m, δ = 0,
ρ0 = 1050 kg/m3.

constricted portion, the pressure gradient is typically positive, and density
is smaller than ρ0 (see Section 4 figures). The near vertical arrows indicate
that the pressure/density solution will then have constant ρ0 for some time
(Fig. 13), until the solid line is reached, and then solutions will travel to the
left following the solid line. In Fig. 13, this leads to at most, small decreases
in ρ in the post-constriction region, however, if the simulations were done
for longer vessels, the solution would also diverge there eventually. In Figure
14 for the MPC phase portraits, the solid line has a different role as it is no
longer a stable manifold and decreases in density are much more pronounced
especially for larger values of g (phase portrait on the right). Since larger
values for g lead to larger Mach numbers, compressibility is likely too large
for the theory to be valid.
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Figure 14: Phase Portraits for x = ρ, y = dρ
dz for MPC simulation for g =

0.005 (left) and g = 0.02 (right), together with the dy/dz = 0 curve (solid
line). In both cases, λ = 0.2.
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7 Summary and Conclusions

A second-order non-linear differential equation for pressure/density is de-
rived for a weakly compressible fluid, with density-dependent viscosity and
slip, through a local constriction. Solution curves are presented for pres-
sure/density curves, for the pressure/density gradient, and for the centerline
velocity. The effect of the viscosity-density parameter A is explored for large
vessels (section 5.1) where compressibility and slip values are taken to be rel-
atively small, and for small vessels (section 5.2) with larger compressibility
and slip. The former has application to blood flow studies, while the latter
can be applied to microfluidics and particle-based flow simulations.

Solution curves for scaled pressure, scaled pressure gradient, and scaled
centerline velocity were found to be fairly insensitive to changes in A for
the range [0, 10] in the large vessels considered. For the smaller vessels,
scaled centerline densities agreed well with particle-based simulations for mild
constrictions with small Reynolds/Mach numbers. Solutions to the ODE for
the pressure were found to eventually lead to ρ→ 0 in the post-constriction
region, and this was much more pronounced in the smaller vessels with large
Reynolds/Mach numbers. This was explained by means of a phase-plane
analysis of the equivalent first-order system.

The implications of this study are as follows: Negative pressures (P0−P <
0) have been connected to possibly lead to further development of plaques
in blood flow applications [28]. In the study here, neither compressibility,
slip or viscosity-density dependence would give rise to such pressures for the
(physiologically meaningful) Reynolds numbers considered here. However,
particle-based flow studies show that negative pressures can be captured by
the model, and the model can still be used to predict density variations even
when the compressibility is high. Assumptions corresponding to particle-
based method simulation models in complex flow domains may not be clear
a priori, and analytical models — such as the one presented here — would
be useful to gain insight into the dynamics.
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