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Abstract. Micro-architectured systems and materials on very large periodic networks
arise in many applications ranging from engineering sciences to multi-scale physics. The
corresponding microscopic models are affected by an inherent interdependence of the phys-
ical process on the network and the topology of the underlying periodic manifold. In par-
ticular, the global characteristics of the micro-architectured systems highly depend on the
network’s topology. A topology optimization procedure is proposed that aims to improve
the geometry of the parameter-dependent periodic graph. In this way, the global char-
acteristics of the system are optimized and a topology with specified set of design goals
is selected. Microscopic models are very challenging from an analytical and a numerical
perspective. The high number of branches and transition conditions at the ramification
nodes as well as the highly oscillating coefficients make such problems difficult to solve.
Two-scale asymptotic methods are applied to derive approximating homogenized models.
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The coefficients of these macroscopic systems characterize the network model on a

global scale. In this paper, we further extend previous approaches and provide an explic-

it representation of the homogenized coefficients in terms of the network’s geometry and

the coefficients of the microscopic system. This representation offers new insights in the

intrinsic relationship between the underlying topological microstructure and the effective

behavior of the system on a global scale. The topology optimization approach combines

the homogenization of differential equation on periodic manifolds and the topology opti-

mization of the underlying periodic micro-geometry. We demonstrate the effectiveness of

this approach at the example of singularly perturbed diffusion-advection-reaction equa-

tions on a parameter-dependent honeycomb structure.
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1 Introduction

Micro-architectured systems and materials with a periodic structure arise
in many applications in science and technology. Such models have been
successfully applied in diverse fields like photonic crystals in nanotechnol-
ogy [15, 23, 35] and transport phenomena in soil mechanics and oil recov-
ery [2, 3]. Usually, these systems are affected by two interconnected scales:
(i) the local scale, which measures the highly oscillating effects of the peri-
odic microstructure and (ii) the global scale, that describes the macroscopic
behaviour of the system. In particular, the geometry of the microstructure
takes a significant influence on the global characteristics of the system or
material under consideration. In this paper, we propose a new approach for
a topology optimization of the micro-architecture of a periodic network that
is based on a two-scale homogenization approach for differential equations on
singularly perturbed one-dimensional manifolds. We consider elliptic differen-
tial equations on very large periodic networks with a periodic microstructure.
Despite the huge amount of publications on shape optimization and topology
optimization, the optimization of the underlying topology of one-dimensional
periodic manifolds in the context of homogenization theory has - to the best
of our knowledge - not been discussed in the literature before.

Periodic one-dimensional networks in applications

Differential equations on periodic networks are applied in many disciplines
ranging from engineering sciences to multi-scale physics. Because of the
periodicity of the underlying physical structure, the system is composed of
a huge number of recurrently arranged prototypical elements. For example,
so-called porous media approaches [4, 10] are based on such networks. The
pore structures of these media are represented by idealized models in terms
of networks of capillaries.


