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Abstract. We consider problems in the calculus of variations of the form
∫ 𝑏
𝐿(𝑡, 𝑥(𝑡), 𝑥(𝑡))
˙
𝑑𝑡
minimize 𝒥 (𝑥(⋅)) =
𝑎

over the class of all absolutely continuous functions satisfying the constraint
𝑔(𝑡, 𝑥(𝑡), 𝑥(𝑡))
˙
= 0,
and the end conditions

𝑥(𝑎) = 𝑥𝑎

for almost all
and

𝑡 ∈ [𝑎, 𝑏],

𝑥(𝑏) = 𝑥𝑏 ,

where (𝐿, 𝑔)(⋅, ⋅, ⋅) : [𝑎, 𝑏] × ℝ𝑛 × ℝ𝑛 → ℝ × ℝ𝑚 are continuous functions with 𝑔(𝑡, 𝑥, 𝑝) ≥ 0
(componentwise) for all (𝑡, 𝑥, 𝑝) ∈ [𝑎, 𝑏]×ℝ𝑛 ×ℝ𝑛 and 𝑚 < 𝑛. Our approach to solving such
problems is to combine a penalization method with Leitmann’s direct suﬃciency method.
More speciﬁcally we consider the family of unconstrained problems (𝒫𝜆 ) of minimizing
∫ 𝑏
.
𝐿(𝑡, 𝑥(𝑡), 𝑥(𝑡))
˙
+ 𝜆T 𝑔(𝑡, 𝑥(𝑡), 𝑥(𝑡))
˙
𝑑𝑡
(1)
𝒥𝜆 (𝑥(⋅)) =
𝑎

over all piecewise smooth functions 𝑥(⋅) satisfying (3). The parameter 𝜆 ∈ ℝ𝑚 is assumed
to be a constant vector whose components are all the same positive constant. Our goal is
to apply Leitmann’s direct method to the penalized problem with suﬃciently large 𝜆. An
example will be presented to illustrate our technique.
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Introduction

Recently, the authors have been investigating a direct suﬃciency method for
solving free problems in the calculus of variations. This approach involves
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